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Aerodynamic Sensitivity Coefficients Using the
Three-Dimensional Full Potential Equation

Hesham M. El-banna* and Leland A. Carlsont
Texas A&M University, College Station, Texas 77843

The quasianalytical (QA) approach is applied to the three-dimensional full potential equation to compute
wing aerodynamic sensitivity coefficients in the transonic regime. Symbolic manipulation is used and is crucial
in reducing the effort associated with obtaining sensitivity equations, and the large sensitivity system is solved
using sparse solver routines such as the iterative conjugate gradient method. The results obtained are almost
identical to those obtained by the finite difference (FD) approach and indicate that obtaining the sensitivity
derivatives using the QA approach is more efficient than computing the derivatives by the FD method, especially
as the number of design variables increases. It is concluded that the QA method is an efficient and accurate
approach for obtaining transonic aerodynamic sensitivity coefficients in three dimensions.
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Nomenclature
maximum camber in fraction of chord
wing lift coefficient
section lift coefficient
pressure coefficient
chord function
chordwise location of maximum camber in
fraction of chord
local Mach number
cutoff Mach number 0.94 < Mc < 1.0
freestream Mach number
freestream pressure, nondimensionalized
by (2y/(y + 1)]P0
freestream velocity, nondimensionalized
by V*
maximum thickness in fraction of chord
twist angles at 0, 20, 60, and 100%
semispan
contravariant velocity components
critical speed
computational coordinates
vector of design variables
x coordinate of leading edge of wingtip
x coordinate of trailing edge of wingtip
physical grid system
leading-edge function
y coordinate of wingtip
angle of attack
circulation
ratio of specific heats
first-order backward difference operator
switching function
density, nondimensionalized p0
retarded density
stagnation density
freestream density, nondimensionalized
by A)
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O = full potential function
<t> = reduced potential function

Introduction

T O design transonic vehicles using optimization tech-
niques requires aerodynamic sensitivity coefficients, which

are defined as the derivatives of the aerodynamic functions
with respect to the design variables. In most cases, the main
contributor to the optimization effort is the calculation of
these derivatives; and, thus, it is desirable to have numerical
methods that easily, efficiently, and accurately determine these
coefficients for large complex problems. At present,1"8 there
are two primary approaches for calculating transonic aero-
dynamic sensitivity derivatives. In the first approach, the sen-
sitivities are calculated by perturbing a design variable from
its previous value, a new complete solution is obtained, and
the differences between the new and the old solutions are
used to obtain the sensitivity derivatives. This brute force
direct technique is computer intensive for complex governing
equations that include a large number of design variables. In
the second approach, termed the quasianalytical (QA) method,
the sensitivities are obtained by solving a large sparse system
of algebraic sensitivity equations. While the matrix elements
in these algebraic sensitivity equations are obtained analyti-
cally, they are obtained by analytically differentiating the dis-
cretized or numerical forms of the equations governing the
flowfield. Furthermore, the aerodynamic and sensitivity so-
lutions are obtained numerically. Thus, the method is termed
a QA rather than a numerical or analytical method. It should
be noted that the differentiations to obtain the coefficients
for the algebraic sensitivity equations, while being straight-
forward in principle, are usually lengthy and tedious. How-
ever, once obtained, the sensitivity equations can be very
efficient and accurate for computing large numbers of sen-
sitivity coefficients.

In the first phase of this research2 the QA approach was
developed and applied to two-dimensional airfoils. Based upon
these proof-of-concept investigations, it was concluded that
the QA method was a feasible approach for accurately ob-
taining transonic aerodynamic sensitivity derivatives in two
dimensions, and was often more accurate and efficient than
the finite difference (FD) method as the number of design
variables was increased. Furthermore, the algebraic forms of
the matrix elements in the two-dimensional sensitivity equa-
tions were determined by hand, which involved extensive ef-
fort associated with differentiating the discretized residual
with respect to the various design variables and the dependent
unknowns. Today, such operations could be carried out using
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symbolic manipulation programs,9 such as MACSYMA,10'11

but present symbolic manipulators are incapable of automat-
ically performing all the necessary simplification, combina-
tions, and cancellations of terms associated with algorithmic
simplification of expressions. Consequently, the user must be
familiar with the commands available for the organization of
expressions, and conduct various trials and experiments to
identify a symbolic procedure that is efficient. As a result of
these two-dimensional studies, it was decided to continue the
research. Consequently, the primary objectives of the present
effort have been to apply the QA method to three-dimen-
sional transonic flow, investigate the use of symbolic manip-
ulation programs12-13 for obtaining the matrix elements of the
sensitivity equations, and to determine the efficiency and ac-
curacy of the QA approach for determining transonic aero-
dynamic sensitivities.

For this extended effort, it was decided to use for the flow
solver a modified version of the three-dimensional direct-
inverse analysis-design transonic full potential fully conser-
vative code, ZEBRAII.14"17 The full potential equation was
selected because it can be solved rapidly and is robust and
accurate for engineering purposes.17 Also, it can be formu-
lated using a stretched Cartesian grid system that can be rap-
idly generated and has simple metrics. Such a grid permits
the variation of several design parameters without changing
the physical or computational grids. For the present work,
the analysis portions of ZEBRAII have been rearranged and
unneeded portions deleted. In addition, the capability of cal-
culating the sensitivity derivatives via the FD approach has
been added.

Problem Statement
Application of the QA method to the full potential equation

yields the sensitivity equation

dXDj

where the residual expression in the computational plane in
terms of backward differences is

(2)

The retarded density coefficients in Eq. (2) are

Pi +1/2,/,* = (1 ~ ^i + 1/2,7, *)Pi+ 1/2,7,* ~1~ I//+l/2,7,*Pi- 1/2,7,*

Pi, 7+ 1/2,* = HP* + 1/2,/,* ~^~ P/+ 1/2,7+1,* ~^~ P/- 1/2,7,*

+ Pi- l/2,y+l,*)

P/,7,*+l/2 = HP/ +1/2,/,* "*" P/+ 1/2,7,*+! ~*~ Pi- 1/2,7,*

+ Pi- 1/2,;,*+ l)

where

"[-^
v = min 1, max I 1 - TTT, 0 I

L V M / J

In Eq. (7), the Mach number is obtained from
l / (y- l )

(5)

(6)

(7)

and thus

where p is nondimensionalized by p0. From Eqs. (7) and (9)

0, M< I
(10)

(11)
(12)

(13)

The contravariant velocities are

U = (XI + X*)

V = Xy$x

W =

and the full potential is split into perturbation and freestream
components as

sin(a) (14)

Note that the angle of attack enters the formulation through
the above equation, and that the physical grid system (jc, y,
z) is transformed into the wing aligned computational grid
(X, 7, Z) by

X(x, y) = x - xle(y) (15)c(y)
Y(y) = y (16)

Z(z) = z (17)

The boundary conditions are the surface boundary condition

the Kutta condition along the wing semispan

T = A</>, < X < 0°

(18)

(19)

and the far-field boundary condition. Additional conditions
include updating the potential on the downstream boundary
(<j)x = 0) and implementing the wing symmetry condition by
setting V = 0.

Once the unknown sensitivities d^/dXD are obtained, the
sensitivities of the pressure coefficient Cp with respect to the
design variables can be computed. From the pressure coef-
ficient expression

P - (20)

substitution for the pressure using the isentropic relations
yields

(21)

where p is given by Eq. (6), and where the freestream values
q^ p^ and P^ in Eqs. (20) and (21) are

y + 1
7 - 1 + 2/Ml

= [2/(y - l)](p'-* - 1) (9)

l/Oy-l)

(22)

(23)

(24)
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Design Variables
Design variables can be arbitrarily classified according to

whether or not they are coupled. Uncoupled design variables
are termed basic variables and are the independent variables
that influence the solution of a problem. Coupled design var-
iables are defined here to be nonbasic and are obtained from
the basic design variables usually using simple algebraic
expressions. For example, in the current problem, wing plan-
form sweepback angles are defined as nonbasic design vari-
ables since they are obtainable from the basic variables, i.e.,
the coordinates of the corner points of the wing. Other ex-
amples of nonbasic design variables are the wing area, aspect
ratio, and taper ratio.

The basic design variables for the current problem include
freestream variables, airfoil cross-section variables, and plan-
form parameters. The freestream design variables include M^
and a. The Mach number enters the formulations through
Eq. (22), whereas the angle of attack shows up in Eq. (14).
The airfoil section design variables include maximum thick-
ness, maximum camber, location of maximum camber, and
four angles that define at each spanwise station the amount
of geometric twist. These variables enter the problem via the
wing surface boundary condition, Eq. (18). The basic plan-
form design variables define the geometry of the wing plan-
form and are comprised of the coordinates of the wing corner
points, which enter the formulation via Eq. (15). Evaluation
of the sensitivities with respect to these basic planform vari-
ables allows the determination of the derivatives with respect
to the nonbasic variables. Thus, for the current three-dimen-
sional problem, the vector of design variables consists of 12
basic variables and is given by

XD = (M^ a, T, C, L, T19 T2, T3, T49 XLT, XTT, YT)
(25)

These variables are used in obtaining the right-hand-side vec-
tors in Eq. (1).

Note that the design variables listed in Eq. (25) form a
complete set of the basic design variables influencing the aero-
dynamic solution for the wing planform and wing sections
considered in the present investigation. If the wing planform
were more complicated, having, e.g., a leading-edge break,
then the coordinates of that break point would have to be
included in the vector of design variables. For more complex
configurations or for problems involving coupling such as
aeroelastic phenomena, the design variable set would be found
by examining the solution model(s) and determining which
flowfield and geometric parameters appear and consequently
affect the aerodynamic solution.

Symbolic and Numerical Treatment
The basic approach used to symbolically differentiate the

residual expression was to treat the main expression in terms
of smaller subexpressions, each of which was examined in
terms of its constituents. This process was extended until the
final subexpressions included the appropriate derivative ar-
gument, the reduced potential or the design variables, in a
simple functional form. The best method to obtain these sub-
expressions was to consider the governing equation and the
involved intermediate expressions in the original form given
in Eqs. (2-14). This splitting or nesting of expressions with
various intermediate dependencies declared in advance al-
lowed each subexpression to be handled efficiently by the
symbolic manipulator, in this case MACSYMA. This usage
of the chain rule of differentiation together with the ability
of the symbolic manipulator to keep track of various equations
resulted in an efficient scheme of analytical differentiation.
It is noted that an earlier attempt to obtain the derivatives
from a residual expressed as an explicit function of reduced
potential through appropriate substitutions—Eq. (14) into

Eqs. (11-13) up to Eq. (2), proved to be a poor strategy since
the rapid increase in expression size eventually caused the
manipulator program to encounter limitations on memory and
manipulative ability. The experience gained from this at-
tempt, however, turned out to be useful in identifying the
capabilities and limitations of various symbolic commands,
and assisted in the development of further symbolic aspects
associated with the project.

During this study, various symbolic manipulator codes were
developed to assist in the application of the QA method. The
first code, found all residual reduced potential dependencies.
This code was needed prior to carrying out the analytical
differentiation of the residual, Eq. (2), with respect to the
reduced potential function. Notice that the latter function
shows up in Eq. (14), where the details of the dependence of
the residual expression on this function are not obvious, since
intermediate expressions Eqs. (3-13) are involved. As men-
tioned earlier, handling each intermediate subexpression sep-
arately simplifies the operations involved. The result of this
code was a file that included various intermediate depen-
dencies obtained in the form of lists. The second code used
these lists to perform the symbolic differentiation process to
obtain the Jacobian and right hand side vectors for Eq. (1),
and the result of this lengthy code was a large 15,000 line
FORTRAN segment that included three subroutines. This
segment is the heart of the Q A method and is linked into the
QA sensitivity driver. The third symbolic code generated
FORTRAN source code for the derivatives of the pressure
coefficient, Eqs. (21-25), with respect to the vector of design
variables and used the reduced potential sensitivity derivatives
as input arrays. This segment of FORTRAN source code was
then also linked with the segment obtained from the second
symbolic code. Finally, the fourth symbolic code was created
during debugging operations to test the evaluation of various
residual terms and was very helpful in revealing logic and
procedure errors. Finally, it is important to emphasize that
each of the above symbolic codes is executed only once fol-
lowed by a transfer of the resulting source segments to the
QA sensitivity driver. Details and sample MACSYMA codes
for these processes are given in Ref. 4.

Direct solvers that were previously used in the two-dimen-
sional problem2 failed on the three-dimensional problem due
to limitations on memory; whereas the iterative routines de-
veloped earlier worked properly but were very slow. How-
ever, library solvers18 based on the iterative conjugate gra-
dient (CG) method and the generalized minimum residual
(GMRES) approach have been used with success and have
proven to be extremely efficient with respect to memory and
execution speed. For these solvers, the exact amount of stor-
age needed depends on the sparsity and bandwidth of the
Jacobian matrix, which in turn depends on the size of the
three-dimensional grid. The present grid of 45 x 30 x 16
yields a large, sparse, banded, and unsymmetric Jacobian
matrix of (43 x 29 x 14) x (43 x 29 x 14) or about 17,500
x 17,500 that is less than 1% dense. An incomplete lower-
upper (LU) factorization is applied only once to this large
matrix, and the sensitivity equations are solved using the it-
erative CG or GMRES methods.18-20 Following the factor-
ization of the Jacobian matrix, back substitution using the
known right-hand-side vectors generates the unknown sen-
sitivity derivatives with a trivial computational cost. This ap-
proach exploits the efficiency of the QA method as the num-
ber of design variables is increased.

Program Structure
The analysis-sensitivity program consists of the modified

flowfield analysis program, ZEBRA, the FD sensitivity driver,
and the QA sensitivity driver. Execution of the main code
starts with an analysis run followed by sensitivity derivative
calculations carried out either using the FD method or the
QA approach. The FD portion of code uses two consecutive
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ZEBRA runs to calculate a vector of sensitivity derivatives.
This brute force technique, while straightforward, has the
disadvantage of being expensive to implement and exhibits
problems when single precision variables are used. The QA
driver consists of two main parts. The first part assembles the
Jacobian matrix and the right-hand-side vectors through calls
to the large code segment generated via symbolic manipula-
tion. This section of subroutines, as explained earlier, contains
source code for the elements of the Jacobian matrix and right-
hand-side vectors. Following the numerical assembly step, the
second part of the sensitivity driver solves the sensitivity equa-
tions using one of the available linear sparse solvers and yields
the unknown sensitivity vectors at each point in the flowfield.
Finally, the resulting sensitivity derivatives, d<p/dXD, are pro-
cessed to obtain the pressure coefficient sensitivity derivatives
dCp/dXD, at 25 chordwise locations at each of the 20 wing
semispan stations.

Test Cases
For the present study, most of the test cases utilized the

four cornered ONERA M6 wing planform15-17 with a variety
of airfoil sections including NACA 1406,1706, 2406, and 2706
airfoils. This planform has an aspect ratio of 3.8 and a taper
ratio of 0.56, with leading- and trailing-edge sweeps of 30 and
15.76 deg, respectively. Freestream conditions included sub-
critical cases at Mach 0.8 and an angle of attack of 1 deg,
several supercritical transonic cases, and some supersonic cases
up to Mach 1.2. Due to space limitations, most of the results
of this article will be for the ONERA M6 planform with

NACA 1406 airfoil sections at freestream conditions of Mach
0.84 and 3-deg angle of attack. This case is challenging since
it has a subcritical lower surface flow and exhibits an upper
surface shock wave located at 70% chord at the root that
shifts to 10% chord at the tip and which increases in strength
from the root to a point near the wingtip. Thus, the results
for this case should be sufficient to demonstrate the capabil-
ities of the present analysis-sensitivity method at transonic
conditions. Complete detailed results for all the cases are
presented in Refs. 4 and 21.

In the above cases, a coarse-medium grid sequencing was
used in the flowfield computations to enhance convergence.
For the FD method of computing the sensitivities, each design
variable was individually perturbed a small amount, typically
1 x 10~6, and a new flowfield solution obtained. In all cases,
double precision arithmetic was utilized and the residual re-
duced eight orders of magnitude. In addition, the FD sensi-
tivity results were computed by restarting each of the per-
turbed design states from the coarse grid, then proceeding to
the medium grid. Different strategies for grid sequencing,
such as starting on the medium grid with a previously obtained
converged solution, are all valid options to speed up the FD
approach; but these were not investigated in this study. In
the QA method, the sensitivity equation, Eq. (1), was solved
with 12 right-hand sides representing the vector of design
variables, Eq. (25), using one of the sparse solvers. In all
cases, d(f>/dXD values were obtained for every gridpoint in the
flowfield. Also, the method automatically computed upper
and lower surface SCp/dXD values at 25 chordwise locations
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at each of the 20 semispan stations on the wing planform, as
well as the dCl/dXD values at each of the span stations and
the overall wing dCL/dXD results.

Results and Discussion
For the subcritical test cases, the results obtained by the

QA method were found to be in excellent agreement with
results obtained from the FD method. In addition, the results
followed the trend of the two-dimensional study.2

Representative results for the chordwise variation of the
pressure coefficient and its sensitivity derivatives for a su-
percritical case (Mx = 0.84, a = 3 deg) are shown on Fig. 1
for 56.4% semispan. Displayed in the corner in each case are
the integrated coefficients, section lift coefficient for the pres-
sure distribution, and dCl/dXDj for the rest. In subcritical flow,
the sensitivities with respect to the Mach number and the
thickness would be small and similar for the upper and lower

surfaces, while those for angle of attack, camber, and camber
location would have larger upper and lower surface values of
opposite sign. As expected, the sensitivity derivative profiles
on Fig. 1 for the lower surface are typical of subcritical flow.2

However, the upper surface results exhibit large variations in
the vicinity of the shock wave that reflect the influence on
the pressure of the sensitivity of the upper surface shock wave
location to various design parameters. As can be seen by
noting the differences in vertical scale, the pressures and lift
coefficient at this mid-semi-span location are most sensitive
to camber and least sensitive to camber location. Finally, the
agreement between the FD and QA predictions is excellent,
indicating that accurate three-dimensional transonic results
can be obtained using the QA approach.

Some results for the spanwise variation of the section lift
sensitivity derivatives are shown on Fig. 2, where the numbers
in the lower left corner in this case are the total wing lift
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coefficient sensitivities, dCL/AXD,. Note that the sensitivity of
section lift to freestream Mach number and angle of attack
is relatively constant over most of the semispan, but that the
lift sensitivity to wing twist at 20 (T2) and 60 (73)% semispan
is concentrated in the region near the twist location. While
not shown, lift sensitivities to twist at the root and the wingtip
are only one-third to one-fourth of those at midspan. In gen-
eral, primarily due to wing sweep and finite span, all the
section sensitivity values are smaller in magnitude than cor-
responding values for the two-dimensional problem.2 Finally,
the agreement between the FD and QA section sensitivities
is excellent.

Figure 3 shows representative section and wing lift sensi-
tivity derivative results for some of the nonbasic design var-
iables. While the total wing lift sensitivities can often be ob-
tained by other means, the present method also yields spanwise
and chordwise information. Note that while the lifts are rel-
atively insensitive to the semispan, the outboard lift and total
lift exhibit a strong dependence on area, aspect ratio, and
taper ratio, and that the agreement between the QA method
and the FD approach is reasonable. While not shown, the
corresponding derivatives with respect to the leading- and
trailing-edge sweep angles were very small.4'21

While both the FD and QA methods yield similar results,
the present results indicate that for 12 design variables the
QA method is about 2.4 times computationally more efficient
than the brute force FD approach. However, it is recognized
that the costs associated with the FD method probably could
be reduced by executing the perturbed runs directly on the
medium grid starting with the design point solution obtained
from the coarse grid. Likewise, the QA method could be
improved by utilizing various options associated with the sparse
system equation solvers; and both methods are probably af-
fected by grid size. Therefore, the stated relative efficiency
should only be viewed as an estimate when comparing the
two methods.

One application of sensitivity derivatives is solution pre-
diction, and Fig. 4 compares two pressure coefficient distri-
butions at the 56% semispan location predicted using a first-
order Taylor series expansion about the original calculation
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point with the actual variation. The predicted Cp were cal-
culated using

= Qviginal + (26)

where the dCp/dXD; values were obtained from the QA method
at Mach 0.84 and a = 3 deg. For the two results presented,
the wing thickness was increased 8.3% to 0.065 chord, and
the wingtip leading-edge ordinate was moved aft 0.1 chord,
respectively. Since the original lift coefficient at this station,
as shown on Fig. la, was 0.383, both changes resulted in a
slight increase in lift coefficient and aft movement of the
shockwave at this station. However, the detailed results4'21

show that the movement of the wingtip ordinate caused a lift
coefficient decrease in the inboard sections of the wing. As
can be seen on the figure, the agreement between the qua-
sianalytically predicted and actual pressure distributions is
very good, which indicates that the sensitivity derivatives cal-
culated using the QA method can be used for predictions.
Similar results were obtained for the other design variables.4

Since sensitivity derivatives describe the response of the
overall solution to changes in design variables, they can be
computed over a range of flight conditions to determine the
degree and nature of the influence of each design variable on
the solution/At transonic conditions, the Mach number strongly
influences a wing flowfield, and, thus, sensitivity derivatives
were computed for the ONERA M6 planform with NACA
1406 cross sections at an angle of attack of 3 deg for Mach
numbers ranging from 0.8 to 1.2. For simplicity, only the
derivatives of the total wing lift coefficients with respect to
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each of the 12 basic design variables were considered. Figure
5 shows results for three of these design variables, freestream
Mach number, maximum camber location, and wingtip trail-
ing-edge ordinate. For all the design variables the largest
variation of each derivative occurs in the transonic regime
below Mach 1. In this range as Mach number increases, the
upper surface shock wave is rapidly moving towards the trail-
ing edge with the inboard portions reaching the trailing edge
first. Thus, as shown by dCL/dM^, there initially is an increase
in wing lift coefficient. However, by Mach 0.92, the inboard
portion of the shock wave is at or near the trailing edge, and
the effects of lower surface pressure changes due to freestream
Mach number increase cannot be compensated by aft shock
wave movement, thus resulting in a less rapid (smaller deriv-
ative value of dCL/dAQ rise in lift. By Mach 0.96 the entire
upper surface shock wave is essentially at the trailing edge
and the lift decreases, as indicated by the negative value of
3CL/dMx. As can be seen on the figure, the effects of this
shock wave movement are captured by the variations in the
sensitivity derivatives. Also, notice in Fig. 5 that for super-
sonic freestream Mach numbers the sensitivities are consid-
erably lower. Additional results4-21 show that the derivatives
of the total lift coefficient exhibit their largest change with
respect to M^, T, C, a, XLT, XTT followed by T2, T3, L, YT,
74, and 7\, indicating that a hierarchy of dominance exists
among the design variables for the current wing configuration.
Finally, again there is good agreement between the results
obtained by the QA method and the FD approach.

Conclusions
Based upon the above results, it is concluded that the QA

method is a feasible and efficient approach for accurately
obtaining transonic aerodynamic sensitivity coefficients in three
dimensions. In addition, use of the symbolic manipulation
packages to carry out the symbolic evaluation of the elements
of the sensitivity equations is crucial in this type of sensitivity
study. The results obtained from the QA method are almost
identical to those obtained by the FD approach. Furthermore,
the study indicates the following:

1) Obtaining the sensitivity derivatives using the QA ap-
proach and an iterative conjugate gradient method appears
to be more efficient than computing the derivatives by the
FD method, especially when the number of design variables
is large.

2) The QA method shows promise with regard to analysis-
sensitivity methodologies applied to large aerodynamic sys-
tems.
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